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Abstract—We propose a novel and robust computational framework for automatic detection of deformed 2D wallpaper patterns in

real-world images. The theory of 2D crystallographic groups provides a sound and natural correspondence between the underlying

lattice of a deformed wallpaper pattern and a degree-4 graphical model. We start the discovery process with unsupervised clustering of
interest points and voting for consistent lattice unit proposals. The proposed lattice basis vectors and pattern element contribute to the
pairwise compatibility and joint compatibility (observation model) functions in a Markov Random Field (MRF). Thus, we formulate the
2D lattice detection as a spatial, multitarget tracking problem, solved within an MRF framework using a novel and efficient Mean-Shift
Belief Propagation (MSBP) method. Iterative detection and growth of the deformed lattice are interleaved with regularized thin-plate
spline (TPS) warping, which rectifies the current deformed lattice into a regular one to ensure stability of the MRF model in the next
round of lattice recovery. We provide quantitative comparisons of our proposed method with existing algorithms on a diverse set of
261 real-world photos to demonstrate significant advances in accuracy and speed over the state of the art in automatic discovery of

regularity in real images.

Index Terms—Belief propagation, MRF, mean shift, lattice detection, wallpaper patterns.

1 INTRODUCTION

EAR-REGULAR texture patterns [1] are pervasive in man-

made and natural environments. They provide funda-
mental cues for both human and machine perception [2],
[3]. In the computer vision and computer graphics commu-
nities, such patterns are usually regarded as textures with a
stochastic nature, composed of deformed versions of one or
more basic texture elements [1], [4], [5], [6], [7]. Ample
evidence can be found that near-regular textures are not
merely random collections of isolated texture elements, but
exhibit specific geometric, topological, and statistical reg-
ularities and relations [1] (Fig. 1).

Wallpaper group and lattice theory inform us that
periodic patterns can be described by a pattern element
(tile) and two smallest linearly independent t;;t, generat-
ing vectors [8], [9]. The translation subgroup of all wall-
paper patterns can be characterized by a degree-4 graphical
model, where each pattern element is a node that has four
neighbors representing its own copies, offset by plus or
minus t; and t,. For deformed wallpaper patterns or near-
regular textures [1], the “copies” are no longer faithful, due
to variations in viewing angle, material coloration, lighting,
or partial occlusion. Yet, the appearances of the photome-
trically and geometrically deformed elements remain highly
correlated. We call these varying pattern elements “texels,”
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to distinguish them from the ideal pattern element that they
are instantiations of. Similarly, for deformed lattice pat-
terns, the strict geometric offsets of neighbors in the lattice
must be replaced by “spring” terms allowing local varia-
tions of the t;;t, lattice basis vectors. We encode these soft
constraints on the geometry and appearance of deformed
wallpaper patterns as pairwise compatibility and joint
compatibility functions in a degree-4 Markov Random Field
(MRF) model.

The underlying topological lattice structure of a near-
regular texture (NRT) under a set of geometric and
photometric deformation fields was first acknowledged
and used by Liu et al. for texture analysis and manipulation
[1], [20], [11]. Subsequently, Hays et al. [12] developed the
first deformed lattice detection algorithm for real images
without presegmentation, and Lin and Liu [13], [14]
developed the first deformed lattice tracking algorithm for
dynamic NRTSs.

The idea behind [12] is simply to look for the ti;t;
neighbors of randomly selected interest regions in the
image. If a sufficient number of such regions look like their
respective t;; t, neighbors (lower order similarity) and also
share their t;;t, neighbors’ directions/orientations with
other interest regions in the image (higher order correspon-
dences), their shared spatial relationships contribute to the
final lattice in a spectral method formulation. With the
found correspondence, the slightly deformed lattice is
straightened out and a new round of lattice discovery
begins, so the extracted lattice grows bigger and bigger.
Formulating the lattice detection problem as a higher order
correspondence problem adds computational robustness
against geometric distortions and photometric artifacts in
real images. Although Hays et al. [12] produce impressive
results, there are several serious drawbacks preventing its
wider applicability. First, local correlation-based peak
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Fig. 1. Repeating patterns are pervasive both in natural and man-made
(and bee-made, bottom right) environments: buildings, handmade
baskets, bee hives, cloth, and fish.

finding is used as a last resort for finding regions of interest,
which is both time-consuming and sensitive to noise,
occlusion, and transform discontinuity in the image.
Second, the method is based on finding the eigenvalues of
an n?> n? sparse matrix (n is the number of potential
texture elements), which is cumbersome computationally.
Third, the algorithm examines only one of the t;; t, vectors
at a time, and is thus less robust against misleading
repetitions and prone to wasting time on interest points
that do not lead to legitimate neighbors. Our proposed
method overcomes these weaknesses.

Our work is partially inspired by Lin and Liu [13], [14]
who treat lattice detection on the initial frame of a video clip
as a spatial tracking problem. However, they do not use a
graphical model in the lattice detection phase. Furthermore,
they require an initial texel to be given (by the user) and use
affine template matching to grow the deformed lattice
spirally outward. Instead, we propose to formulate the
detection of the underlying deformed lattice in an un-
segmented image as a spatial, multitarget tracking problem,
using a recently published, fast Belief Propagation method
called Mean-Shift Belief Propagation (MSBP) [15]. It is
natural to represent near-regular texture by an MRF given
the topological lattice structure of wallpaper patterns [11],
[12], [14].

Compared with [12], our proposed approach offers
significant improvements in accuracy, robustness, and
efficiency for automatic lattice detection by: 1) incorporat-
ing higher order constraints early-on to propose highly
plausible lattice points; 2) recovering the remaining ele-
ments by inference on a graphical model constructed from a
proposed tj;t, vector pair and pattern element; and
3) achieving a deterministic algorithm linearly dependent
on the number of texels, instead of quadratic or higher
order. Quantified experimental results on an extensive set
of diverse real-world images (Section 6) demonstrate the
advantages of our approach quantitatively.

2 LATTICE FITTING USING A MARKOV RANDOM
FIELD

Assume that we are given an image | that contains a
deformed version of a true periodic pattern. Also, assume
that we have an estimate of the ideal pattern element,
specified by an appearance template Ty, and the t;;t;
lattice generating vectors (a method for automatically
discovering these items is presented in Section 4). Our
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Fig. 2. Information for fitting lattice patterns can be represented in a
degree-4 MRF. In this model, latent variables x represent 2D texel
locations to be inferred. Spatial neighborhood constraints provided by
the t;;t, lattice basis vectors are expressed by a pairwise compatibility
function  x;;X; , while image measurements z quantifying similarity in
appearance between each texel and the ideal pattern element are used
within a joint compatibility function  X;; z; .

goal in this section is to infer accurate image locations X ...
Xo; X1; X2; ... ; Xng Of all texels forming the repeated pattern
in image 1.

An MRF specifies a factorization of the joint distribution
of a set X of random variables. An MRF can be represented
as an undirected graph G ... N;E , where each node in N
represents a random variable in set X and each edge in E
represents a statistical dependency between random vari-
ables in X. In the present context, the random variables are
the image locations of texels, and edges in the MRF model
represent two kinds of dependencies: spatial constraints
between neighboring texels and appearance consistency
constraints between each image texel and the reference
pattern element (Fig. 2).

The motivation for performing lattice finding using an
MRF model is that localizing texels in a repeated pattern is
made easier and more robust if multiple texels are searched
for jointly, rather than one at a time. This is so because the
location of each texel is constrained by its neighbors, so
finding some of them provides knowledge about where the
others may be. In an extreme case, if you locate the four
adjacent neighbors of a texel, you can infer where the
central texel should be, even if it is occluded or otherwise
hard to find. The key to leveraging this insight is to encode
the topological lattice structure explicitly into a graphical
model so that the model can be used effectively to perform
inference over the joint space of spatial constraints.
Specifically, for each pair of neighbors x; and x; connected
by an edge in the MRF, we define a pairwise compatibility
function  X;;X; to impose a spatial constraint between
them. For example, if we know that x; and Xx; are t;-
neighbors of each other in the lattice, we constrain the offset
vector Xj  X; to be “similar” to vector t;.

Another piece of information that can help localize each
texel is that the image patch centered at x; should look like
the pattern template To. In our case, the difference in
appearance between the two is quantified by an image
measurement z;, and a joint compatibility function  X;;z;
is added to the MRF to impose the constraint that the
difference in appearance should be “small.”
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2.1 Belief Propagation in Large State Spaces

As a statistical model, the MRF encodes the joint probability
p X;z . Determining the location of one texel given
estimated positions of all other texels is computationally
infeasible if it requires brute force evaluation of the
marginal distribution, leading to a time complexity of
On nk 1! wherek is the number of nodes in the graph
and n is the size of the latent variable space (cardinality of
the space of candidate texel locations). Thus, determining
where each of the elements is in the pattern would require
O n* computation time.

Fortunately, the joint probability over the texel locations x
and image appearance measurements z in an MRF can be
factored as

Y Y

P X1 XNGZ1s -0 2ZN - K Xi; Xj Xs;Zs ;1
irj s

with and  being the pairwise compatibility and joint

compatibility functions. The belief propagation (BP) algo-
rithm takes advantage of this factorization to perform
inference on the graph efficiently. Thus, the computation
cost for estimating the location of all texels is reduced from
O n¥ to O kn? . However, BP is still very expensive when
the latent variable state space is large, and is not feasible for
latent variable spaces with continuous values. Specifically,
by “BP,” we are referring to Discrete Belief Propagation
(DBP), where the values of the random variables x; come
from a discrete set. When x; is an image location, we thus
need to specify a level of discretization. Although finer
discretizations yield better localization accuracy, the com-
putation cost of DBP grows quadratically in the number of
locations considered.

To improve the speed of inference using DBP, several
approaches have been suggested. Ramanan and Forsyth [16]
speed up DBP by first removing states that have low image
likelihood value. However, preprocessing is needed to
compute the image likelihood for the entire space, which
needs O(NnT) preprocessing time, where n is the size of the
latent variable space and T is the time needed for image
likelihood evaluation. Moreover, this kind of pruning
method is susceptible to error; once an important state is
incorrectly pruned in the preprocessing stage, the inferen-
cing may not reach the correct solution. Coughlan and
Huiying [17] also speed up DBP by state pruning. The
pruning method they use is dynamic quantization, which
allows addition and subtraction of states during the belief
propagation process. Although the method of Coughlan and
Huiying has less risk than static pruning of the latent variable
space, it is not suitable for high-dimensional state space.

More recently, efficient DBP methods for early vision
were discussed in [18]. The author shows that the
computation time can be reduced by several orders of
magnitude using minimum convolution, bipartite graphs,
and multigrid methods. However, minimum convolution
can be used only if the compatibility function is convex.
Moreover, it is not feasible in high-dimensional spaces due
to the need for uniform discretization.

Unless one is willing to discretize, approaches based on
DBP are not suitable for continuous latent variable spaces. To
tackle problems with continuous state spaces, several
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Fig. 3. (a) lllustration of a 2D marginal density computed by the BP
process. (b) Mean-shift hill climbing on that belief surface. Only a small
local grid of belief values within the mean-shift window need to be
computed during any iteration, so the majority of the belief surface can
remain implicitly defined (and thus not computed). Computational
savings increase as the dimensionality of the belief surface increases.

versions of continuous BP have been proposed [19], [20],
[21]. Nonparametric Belief Propagation (NBP) approximates
BP inference for a continuous latent variable space by
representing arbitrary density functions using particles, each
particle being the mode of a Gaussian in a Mixture of
Gaussians distribution. It is reported that 100-200 Gaussians
suffice for an accurate representation of arbitrary densities
[19], [21]. However, the standard NBP algorithm is slow due
to the sampling process [21]. In our current problem, it would
also be slow when the number of nodes in the graphical
model becomes large due to a large number of repeating
pattern elements, such as windows on a skyscraper.

3 MEAN-SHIFT BELIEF PROPAGATION

We have developed a heuristic method called MSBP [15]
that works iteratively with local weighted samples to infer
maximum marginals within a large or continuous state
space. We note that mean shift is equivalent to finding a
local mode within a Parzen window estimate of a density
function, and use mean shift as a nonparametric mode-
seeking mechanism operating on weighted samples gener-
ated within the belief propagation framework. Geometri-
cally, we can visualize this process as performing mean shift
on the implicit belief surface or marginal density generated
by the belief propagation algorithm (Fig. 3). Because the
mean-shift algorithm needs only to examine the values of
the belief surface within its local kernel window, we can
avoid generating the entire belief surface, yielding great
computational savings. Since the approach needs a sig-
nificantly smaller number of samples than particle filtering,
computation time is reduced as compared to NBP [15].

Instead of evaluating all the possible states of the latent
variable space, MSBP works within a local regular grid of
samples centered at the predicted state. This grid of samples
becomes a new latent variable space within which BP
message passing is performed to compute a weight (belief)
for each sample. Once weights are computed, mean shift on
the samples at each node performs hill climbing to reach a
new predicted state for each node. A new discrete grid of
samples is then generated, centered on this predicted state,
and the process repeats.

Authorized licensed use limited to: Penn State University. Downloaded on September 8, 2009 at 12:36 from IEEE Xplore. Restrictions apply.



PARK ET AL.: DEFORMED LATTICE DETECTION IN REAL-WORLD IMAGES USING MEAN-SHIFT BELIEF PROPAGATION

3.1 Samples

Consider a 2D lattice graph where the latent variable space X;
is the continuous-valued x;y location of a texel repre-
sented by node i. We first resample the continuous latent
variable space into a local regular grid of samples for each
node. This is a standard method in the context of density
estimation [22]. We build a regular grid of samples centered
at the initial variable estimates and compute data values for
these samples using Parzen window estimation. Let X; ...
fxy jx2xi;...xt;y 2yt ...yl g be the set of local sam-
ples centered at the current predicted state for node i. This
is a new discretized latent variable space over which the
pairwise and joint compatibility functions are computed.
The observations and belief arrays at each node have size
equal to the number of samples in the local grid used to
approximate the continuous latent variable space at each
iteration.

3.2 Weight

Sample weights for performing mean shift are generated by
using standard message passing to compute a belief value
for each sample. Specifically, message passing from node i
to j is computed according to the sum-product rule

n1 20 Y n
2

Xj i XisZiij Xi; Xj Mgy Xi;
Xi s2N i nj

where N i nj means all neighbors of node i except j; i is
the joint compatibility function at node i, and j; is the
pairwise compatibility function between node i and j. Note
that sample points and summation are restricted to a
discrete grid of points. After passing of messages according
to the message update scheme, the belief about the state of
node i (probability of the state of node i based on evidence
about i gathered from its neighbors plus the image
observation at node i) is computed by
Y
Msei Xi ; 3
s2N i

bi Xi ... K i Xz

where k is a normalization constant. This belief value
becomes the sample weight. For a visual intuition of the
meaning of samples and their weights as an approximation
to the belief surface, refer back to Fig. 3.

3.3 Mean Shift on Weighted Samples

Once the grid of samples is defined and their weights are
computed within the BP framework, the next step is to
perform mean shift on the set of weighted samples. Recall
that the sample weights are belief values, that is, values of
the marginal posterior for that node. The mean-shift result
for each node, therefore, gives an updated estimate of the
mode of the marginal posterior. The procedures of
resampling, weight computation, and mean-shift hill
climbing are repeated, centered on the new estimate, until
convergence. We compute a mean-shift update as

!jK Xj
ini

XM b X X

n 1
X" b X;

X

1. The equations presented in this section are identical to BP except that
MSBP works on the grid of local samples approximating the latent variable
space at each node.
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Fig. 4. (@) Surface z x;y ... x> y? =50. (b) Sample non-Gaussian joint
compatibility functions out of 25 25 functions. (c) Actual measurement
where only 20 percent of the nodes are measurable. (d) Random
initialization of pixel labels at the 2D grid points.

where b x; is the weight computed in (3), x! is the
initial predicted location, x" is the estimated location
after the nth iteration, and Xx; is a sample inside the
mean-shift kernel K.

MSBP is efficient because it only needs to explore a
relatively small number of sampled local windows as it
proceeds on the path to a local mode of the belief surface
(Fig. 3). Therefore, the surface can be sampled both densely
and efficiently. The more detailed analysis of the surface
leads to more accurate and stable solutions than can be
achieved, using the same number of samples, by either DBP
(via quantization of the space) or NBP.

3.4 Simulations

Although the mean-shift algorithm is a hill-climbing
method that can converge to the wrong peak in multimodal
data, its behavior within MSBP is constrained by the
pairwise compatibility function between neighboring
nodes. It is as if multiple climbers are asked to climb a
mountain while being tied together with ropes that force
them to move jointly. As a result, while mean shift applied
independently at each variable node would suffer in the
face of multimodal joint compatibility densities, the joint
hill-climbing behavior of MSBP leads to coupled behavior
that can overcome multimodality in the individual nodes.
To illustrate this behavior on multimodal data, we adopt the
approach of Weiss and Freeman [23], but using a non-
Gaussian joint compatibility function. We compare DBP,
NBP [19], [20], [24], simulated annealing using Markov
Chain Monte Carlo (MCMC) moves [25], [26], and MSBP for
performing inference on a 25 25 grid. (Fig. 4)
The joint probability used in the simulation is

Y .Y
PX;z ..k e X% Xi; Zi ; 5

ij i
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